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Abstract 
Andreae, T., M. Schughart and Z. Tuza, Clique-transversal sets of line graphs and 
complements of line graphs, Discrete Mathematics 88 (1991) 11-20. 
A clique-transversal set T of a graph G is a set of vertices of G such that T meets all maximal 
cliques of G. The clique-transversal number, denoted t,(G), is the minimum cardinality of a 
clique-transversal set. Let n be the number of vertices of G. We study classes of graphs G for 
which n/2 is an upper bound for t,(G). Assuming that G has no isolated vertices it is shown 
that (i) z,(G) <n/2 for all connected line graphs with the exception of odd cycles, and (ii) 
r,(G) cn/2 for all complments of line graphs with the exception of five small graphs. In 
addition, a closely related question is studied: call G weakly 2-colorable if its vertices can be 
colored with 2 colors such that G has no monochromatic maximal clique of size 22. It is proved 
that a connected line graph G = L(H) is weakly 2-colorable iff H has a 2-coloring of its edges 
without monochromatic triangles and H is not an odd cycle. Moreover it is shown that 
complements of line graphs are weakly 2-colorable, with the exception of nine small graphs. 
1. Introduction 
For a simple finite graph G, a subset K of its vertex-set V(G) is a clique if the 
members of K are pairwise adjacent. A clique is maximal if it is not properly 
contained in any other clique of G. A clique-transversal set T of G is a set of 
vertices of G such that T meets all maximal cliques of G. The clique-transversal 
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number, denoted r,(G), is the minimum cardinality of a clique-transversal set. 
Further let rc(n) = max{r,(G): IV(G)1 = n, G without isolated vertices}, n 2 2. 
Erdiis, Gallai and Tuza [4] have observed that, for n large enough, r,(n) is very 
close to n, namely, it - r,(n) = o(n). On the other hand one can see that for 
various interesting classes of graphs, n/2 is an upper bound for the clique- 
transversal number r,(n). Indeed, it follows from results of Berge and Duchet 
[l], Chvatal [3], and Ravindra [8] (for details, see below) that there are large 
classes % of perfect graphs for which 
r,(G) s n/2 for all members G E 53 which have no isolated 
vertices (n = IV(G)l). (*) 
The study of r,(n) and, in particular, of chordal graphs G with r,(G) s n/2 was 
initiated by T. Gallai. (Personal communication through P. Erdiis, see also [9].) 
In the present paper we address the question whether there are other interesting 
classes 3 of graphs for which (*) holds. We shall focus on line graphs and 
complements of line graphs. Our results concerning (*) are the following (for % 
without isolated vertices): 
r,(G) < n/2 for all connected line graphs G with the exception of 
odd cycles. (1) 
-c,(G) s n/2 for each G which is the complement of a line graph, 
except for the complements of the line graphs L(Hi) (i = 1, . . . , 5), 
where HI, . . . , H5 are the graphs shown in Fig. 1. (2) 
We shall also study a question which is closely related to the investigation of 
the clique-transversal number. Call a graph G weakly m-colorable if its vertices 
can be colored with m colors such that G has no monochromatic nontrivial 
maximal cliques. (A clique K is nontrivial if lKl> 1.) There is a straightforward 
relationship between weakly 2-colorable graphs and the bound of n/2 for the 
clique-transversal number, namely, r,(G) =Z n/2 for each weakly 2-colorable 
graph G without isolated vertices, since both color-classes are clique-transversal 
sets and one of them must have size Sn/2. 
Remark. Every strongly perfect graph is weakly 2-colorable. Indeed, by the 
strongly perfect property, there exists a stable set S c V(G) (of pairwise 
Hl H2 H3 H4 H5 
Fig. 1. 
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non-adjacent vertices) that meets every maximal clique of G and thus the 
complement V(G)\S must meet every nontrivial maximal clique of G, which 
means that G is weakly 2-colorable. It follows that Meyniel graphs and perfectly 
orderable graphs and, in particular, triangulated graphs, complements of triangu- 
lated graphs and comparability graphs are weakly 2-colorable, and thus (as 
already indicated above) (*) holds for all of these classes G of perfect graphs (for 
definitions and references see [l, 3,741). 
In this area, the following two problems seem to be the most challenging open 
questions. The first of them has been raised jointly with M. Aigner, the second is 
due to Lone and Rival [6]. 
Problems, Suppose that G is the complement of a comparability graph on II 
vertices. 
(i) Does G satisfy r=(G) d n/2? 
(ii) Is G weakly 2-colorable? 
For partial results, see Lone and Rival [6]. For results that generalize the fact that 
(*) holds for the class of triangulated graphs, see Tuza [9]. 
For line graphs we have the following result. Call a graph H a K,-Ramsey 
graph if for each 2-coloring of its edges there exists a monochromatic triangle. 
(Of course, these graphs are relevant in Ramsey theory, see [5, Chapter 5.31.) 
Clearly, if H is a K,-Ramsey graph or an odd cycle, then its line graph L(H) 
cannot be weakly 2-colorable. We shall prove that also the converse is true: 
A connected line graph G = L(H) is weakly 2-colorable iff G is not 
a K,-Ramsey graph or an odd cycle. (3) 
We remark that in fact we shall prove a more general version of (3) concerning 
weak m-colorability, m 3 2 (see Theorem 2 below). For complements of 
graphs we shall prove the following: 
For a graph H without isolated vertices let G = L(H) be the 
complement of the line graph of H. Then G is weakly 2-colorable iff 
. . H#H, (i=l,. 
Figs. 1 and 2. 
, 9), where HI, . . . , Hs are the graphs shown in 
line 
(4) 
Fig. 2. 
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We remark that the ‘exceptional graphs’ Hi, . . . , H9 can also be described as 
H5 and the graphs on five vertices that contain a pentagon. Moreover, it should 
be mentioned that result (2) is a corollary of (4). 
Our results on line graphs are proved in Section 2, complements of line graphs 
are considered in Section 3. We use standard graph-theoretical terminology, for 
notions not defined here we refer to [2]. The letter G always denotes a graph; 
V(G) and E(G) denote the vertex-set and edge-set of G, respectively. All graphs 
considered are finite, undirected, and do not contain loops or multiple edges. If 
u, w E V(G) are joined by an edge, then this edge will be denoted by (XI, w). A 
subset S of V(G) . 1s a stable set of G if no two vertices of G are joined by an edge 
of G. Two edges are independent if they have no vertex in common. A subset M 
of E(G) is a matching of G if any two edges of M are independent. A matching of 
G is maximal if it is not properly contained in any other matching of G. A 
matching is nontrivial if it contains at least two edges. C, denotes the cycle of 
length IZ. The degree of u in G is denoted by d(v, G), where v E V(G); 
alternatively, we shall also write d(v). The minimum (maximum) degree of G is 
denoted 6(G) (A(G)). L(G) d enotes the line graph of G. (L(G) is defined as the 
graph with vertex-set E(G) where e and e’ are adjacent in L(G) iff e and e’ are 
incident in G.) 
2. Line graphs 
Let G be a connected graph with at least two edges. Clearly, there are just two 
kinds of maximal cliques of L(G), namely the ‘star-cliques’ and the ‘triangle- 
cliques’: the former are the sets S(X) = {e E E(G): e is incident with x}, where x 
is either a vertex of degree 23 or a vertex of degree 2 which is not contained in a 
triangle of G, while the latter are the edge sets of the triangles of G. We call a set 
S s E(G) an appropriate set of edges for G if (i) S meets all maximal cliques of 
L(G), and (ii) ISI =Z 3 IE(G)I. 
The following lemma will be useful for the proof of Theorem 1. 
Lemma 1. If G has minimum degree 24 then there is a bipartite subgraph B c G 
such that IE(B)I 3 4 [E(G)1 and, for all x E V(G), d(x, B) < d(x, G). 
Proof. Let BO be a bipartite subgraph of G with vertex partition V’ U V” = V = 
V(G) such that IE(B,)I is maximum. Then no vertex has more neighbors in its 
own class than in the other class. Let x1, . . . , x, be the vertices all of whose 
neighbors belong to the other class. Then 
i=l 
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since d(&, G) 3 4. Thus, deleting from B. edges e,, . . . , e, such that ei is incident 
taxi (i=l,. . .) t), we obtain B as required. 0 
Theorem 1. Let G be a connected graph with at least two edges and assume that G 
is not an odd cycle. Then z,(L(G)) c 4 JE(G)I. 
Proof. If 6(G) 3 4 then the assertion follows from the preceding lemma since 
E(G)\E(B) is an appropriate set of edges for G. Thus let us assume 6(G) < 3. 
We proceed by induction on IE(G)I. For [E(G)1 = 2 the assertion clearly holds. 
Let IE(G)I 2 3. The following is obvious. 
Zf H is an odd cycle and z is a vertex of H, then there exists a set S, 
of i(lE(G)J - 1) edges of H which cover all vertices of H except z. (5) 
First we assume that there is a vertex x E V(G) with d(x, G) < 3 such that x is 
contained in a triangle T of G. Denote by x, u, v the vertices of T and let (if it 
exists) w # U, v be the third neighbor of x. Let G’ = (G -x) - (u, v) be the graph 
that results from G by deletion of x and the edge (u, v). For each component H 
of G’ with IE(H)I 2 2 we define S, E E(H) as follows. If H is not an odd cycle, 
then (by the induction hypothesis) we choose an appropriate set S, of edges for 
H, and if H is an odd cycle, we pick a set S, of edges as in (5), where the 
uncovered vertex z is a neighbor of x. One finds that the union of the so defined 
sets S, together with (u, v) and, if existing, (x, w) forms an appropriate set of 
edges for G. Thus we may assume that 
no vertex of degree ~3 is in a triangle of G. (6) 
Next we show that the following may be assumed. 
There is no x E V(G) such that, for some component C of G -x, 
the following hold. (i) C is an odd cycle or an isolated edge, and (ii) 
the graph C+ which is induced in G by V(C) U {x} contains no 
triangle. (7) 
For the proof of (7) assume the contrary, i.e., there exist x and C with the 
above properties. Then obviously one can find an appropriate set S of edges for 
Cc such that x is touched by an edge of S. Let G’ = G - C. If G’ is an isolated 
vertex or an isolated edge then let S’ = 0. If G’ is an odd cycle then choose a 
collection S’ of +(IE(G’)J - 1) edges of G’ according to (5) such that x is not 
covered by S’. Otherwise we can apply induction to G’ to obtain an appropriate 
set S’ of edges for G’. In any case S US’ is an appropriate set of edges for G. 
Thus we may assume that (7) holds. 
Moreover, we may assume that G is not a cycle, since our theorem clearly 
holds for (even) cycles. We claim that we can pick a vertex x E V(G) with 
d(x, G) = 6(G) such that x has a neighbor z with d(z, G) > 3. Indeed, if 
6(G) = 1, this easily follows from (7), applying it for the neighbor of x (the edge 
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incident to x plays the role of C’); if 6(G) = 2, this follows from the assumption 
that G is not a cycle and for 6(G) = 3 this is trivial. Let Ci, . . . , C, be the 
components of G --x and note that 1 s t s d(x, G) = 6(G) c 3. From (6) and (7) 
together with the fact that d(x, G) s 3, one concludes that IE(Ci)j 32 (i = 
1 . . , t) and that none of the Ci is an odd cycle. Hence by induction there exists 
ah’appropriate set of edges & for each Ci. Let zi, . . . , zS(c) be the neighbors of x, 
where z = z1 E Cr. Recall that Si may fail to cover a vertex y of Ci only if 
d(y, CJ = 1 or if d(y, C,) = 2 and y is in a triangle of Ci; however, d(y, CJ = 2 
would imply d(y, G) 63, and therefore (by (6)) the latter is impossible. 
Consequently, because d(z,, G) a 3, the edges of S1 U * * * U S, cover zi; more- 
over, if S(G) = 3, these edges cover all zi since d(zi, G) 2 S(G) = 3. Let 
S=Si if d(G)=1 andS=S,U. * * U S, U {(x, z2)}, otherwise. It follows from the 
preceding discussion that S is an appropriate set of edges for G. 
(If t = 3 and z, E C3 has d(z3, C,) = 1, then (7) implies that C3 - y also contains 
an appropriate set of edges, so that we can add (x, z3) to S, still having an 
appropriate set.) 0 
Theorem 2. For m 2 2 and a connected graph G, the line graph L(G) is weakly 
m-colorable if and only if(i) the edges of G can be colored with m colors such that 
no monochromatic triangle occurs, and (ii) if m = 2, G is not an odd cycle. 
Proof. Clearly, if L(G) . IS weakly m-colorable, then (i) and (ii) must hold. 
Moreover, the converse statement is obvious for cycles (independently of their 
parity), hence we suppose that G contains some vertices of degree f2; in 
particular, every cycle of G has at least one vertex of degree 23. In an 
edge-coloring Q, with m colors, a vertex x is called an MCS-vertex 
(‘monochromatic star vertex’) if all edges incident to x have the same color and 
either x has degree 33 or d(x) = 2 but x is not contained in a triangle. We denote 
by M(q) the set of MCS-vertices, and put p(q) = IM(q)I. Moreover, we define a 
vertex set A c V(G) as follows: 
If G is triangle-free, then 
A = {x E V(G): d(x) = l} U { x E V(G): d(x) 2 3, x is in a cycle of G}; 
and if G contains some triangles, then 
A = {x E V(G): d(x) = l} U {x E V(G): d(x) 2 
3, x is in a triangle of G}. 
Consider all edge-colorings of G that satisfy (i). Choose a Q, such that P(Q)) is 
minimum. For a contradiction, suppose that P(Q)) 2 1. In addition to the 
minimality of p(q), we may assume that the minimum distance d between a 
vertex of M(q) and a vertex of A is as small as possible. (Note that A f 0). 
Observe that the latest assumption implies M(q) fIA # 0. Indeed, let x E 
M(q), y E A, with distance d(x, y) = d > 0, and denote by z the neighbor of x in 
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a shortest x-y path. Changing the color of the edge (x, z) arbitrarily, we cannot 
obtain a new monochromatic triangle, because it would require at least two edges 
of the new color at X. Moreover, x is not an MCS-vertex anymore, so that either 
p(q) or the distance between M(q) and A decreases, a contradiction. (The latter 
case occurs when z becomes an MCS-vertex). 
Recall that every x E M(q) n A has degree 23 and belongs to some triangle T 
or cycle C, by definition. (In particular, if G is a tree, then the proof is complete.) 
Denote by y and z the two neighbors of x in T or C. In the triangle-free case 
every coloring satisfies (i), so that we can easily re-color C in the following way: 
Change the color of (x, y) arbitrarily, and then take an alternating coloring of C 
with two colors, possibly assigning the new color of (x, y) to (x, z) also (when C 
is odd). Since d(x) 2 3, x will not be an MCS-vertex anymore (and at least two 
colors occur at any other vertex of C, too), so that p(q) decreases, a 
contradiction. 
Suppose that x is in the triangle T = (x, y, z}. Say, the edges incident to x form 
a blue star. Then (x, y) can be re-colored red, unless y becomes an MCS-vertex in 
red. The same is true for (x, z). If both y and z would become red MCS-vertices, 
then change the two colors at each edge of T. In the new coloring, (y, z) is the 
only blue edge incident to y or z, and T is the only triangle containing two red 
edges incident to X. Hence, the new coloring again satisfies (i). The number of 
MCS-vertices has been decreased, however, and this fact contradicts the choice of 
P q 
3. Complements of line graphs 
We first study weakly 2-colorability of complements of line graphs. The result 
on the clique-transversal number will be a corollary. 
Theorem 3. Let H be a graph without isolated vertices and let G = L(H), i.e., G 
is the complement of the line graph of H. Then G is weakly 2-colorable iff H is 
none of the graphs HI, . . . , Hs shown in Figs. 1 and 2. 
Proof. Clearly, the assertion is equivalent with 
ZfH#H,(i=l,..., 9), then the edges of H can be colored red and 
blue such that every maximal nontrivial matching M contains at least 
one edge of each color, and vice versa. (8) 
An edge-coloring as in (8) will be called a proper coloring. The easy proof that 
none of the graphs Hi (i = 1, . . . , 9) admits a proper coloring is left to the reader. 
For the converse let us suppose that H #Hi (i = 1, . . . ,9). A coloring of type 1 is 
a coloring of the edges of H such that a fixed edge e = (x, y) and all edges 
incident with x or y are colored blue, and all remaining edges are colored red. A 
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Fig. 3. 
coloring of type 2 is a coloring of the edges of H such that all edges incident with 
a fixed vertex v are colored blue and all other edges are colored red. Colorings of 
type 1 or 2 will be called standard colorings. By HI, we shall denote the 
octahedron graph. In Fig. 3 a proper coloring of HI, is shown. (Red edges are 
indicated by lines in bold). We mention that it can easily be shown that HI, does 
not admit a proper standard coloring, however, this is only important for the 
proof of Theorem 5 below and will not be used here. We shall show that H has a 
proper standard coloring if H # HI,,. 
We shall use the following notational conventions. If we have denoted two 
adjacent vertices of H by x and y, then (mostly without further mentioning) the 
letter e will always denote the corresponding edge (x, y) and H’ will denote the 
subgraph of H induced by the vertices distinct from x and y; furthermore, the set 
of neighbors of x (resp. y) which are in H’ will be denoted by X (resp. Y). For a 
contradiction we assume now that H has no proper standard coloring and that 
H # HI,. One easily finds that the assumption that H has no proper coloring of 
type 1 (resp. 2) can be expressed by the following statements (9) (resp. 10). 
For each edge (x, y) of H there are distinct vertices x’ E X and y ’ E Y 
such that each edge of H’ is incident with x’ or y’. (9) 
For each v E V(H) there exists a nontrivial matching M(v) of 
H - v such that each neighbor of v is incident with an edge of 
M(v). (10) 
For the rest of the proof we suppose that, for each edge (x, y) and each 
v E V(H), we have chosen a fixed pair x’, y’ as in (9) and a fixed matching M(v) 
as in (10). Next we show that 
A(H) =S 4. (11) 
For the proof, let us assume that v E V(H) has five distinct neighbors xi, . . . , x5. 
Let ei be the edge of M(v) which is incident with xi, i = 1, . . . , 5. W.1.o.g. we 
may assume that e5 # ei (i = 1, . . . , 4). Put x =x5 and let y be the vertex with 
e5 = (x, y). If I{ei: i = 1, . . . , 4}1 = 2, then H’ contains two edge-disjoint triangles 
and, if I{ei: i = 1, . . . , 4}1# 2, then H’ contains three independent edges, and 
thus we have a contradiction to (9) in any case. Hence (11). 
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For convenience a vertex of H will be called an r-vertex when it has degree r in 
H. By V, we shall denote the set of r-vertices. We note that, by (9) and (ll), 
V, = 0 and V, = 0 (r 3 5). 
For each edge e = (x, y) of H there exists at most one vertex 
Y E V(H’) which is neither a neighbor of x nor of y. Moreover, if a 
vertex v with this proper9 exists, then v E V, and (v, n’), (v, y’) E 
E(H). (12) 
Assume that vl, QE V(H’), v1 # vz and (vi, x), (vi, y) $ E(H), i = 1, 2. It 
follows by (9) that vl, v2e V, and (vi, x’), (vi, y’) E E(H), i = 1, 2. But this 
contradicts (lo), since one could not find a matching M(x’). Hence (12). If for an 
edge e there exists a vertex v as in (12), then it will be denoted by v(e). 
IV(H)1 =s 6. (13) 
For the proof let us assume that IV(H)1 2 7. First, we shall consider the case 
that V, # 0. Pick x E V, and let y be a neighbor of x. From IV(H)1 2 7 we conclude 
that y E V, and X rl Y = 0 holds and that there exists a vertex v(e) as in (12). Let 
e, = (x’, v(e)). Then we have v(eJ =y since (x’, y), (v(e), y) $ E(H) and thus, 
by (12) y E V, which is a contradiction. Now let V, = 0. Then no vertices v(e) as in 
(12) can exist and, therefore, there cannot be two adjacent 3-vertices since this 
would imply IV(H)1 s 6. Let e = (x, y) be arbitrary. W.1.o.g. we may assume that 
y E VI. Because IV(H)1 Z= 7 and since v(e) does not exist there must be two 
distinct vertices zi, z2 E X\ Y. We may assume z1 # x’. Then it follows from (9) 
that z1 E V,. Thus, since there exists no pair of adjacent 3-vertices, we have x E V, 
and, since (x, y) was arbitrary, we conclude that V(H) = V,. But this contradicts 
z1 E V, and thus (13) is proved. Thus it remains to discuss the ‘small cases’, i.e., 
IV(H)/ c 6. We begin with the case that IV(H)1 = 6. Note that HI, is the unique 
4-regular graph with six vertices and that, consequently, there exists just one 
graph H with IV(H)1 =6 and IV,l = 4 which has two non-adjacent 3-vertices, 
namely, H, = HI, minus an edge. One easily finds that H, has a proper coloring 
of type 1 and thus H # H,. Let us assume that V, = 0. Then H must have two 
adjacent 3-vertices x and y. Then 1x1 = IYI = 2 and X fl Y = 0, say, X = {x’, zi}, 
Y= {y’, z2}. Hence (by (9)) ( zl, z2) $ E(H). Let e, = (x, 2,). Since (x, z2), 
(z,, z2) $ E(H) we have v(eJ = z2, contradicting V2 = 0. Thus the case V2 = 0 is 
settled and we assume now that V, # 0. We note that there cannot exist adjacent 
2-vertices since this would imply IV(H)1 c 5. We assume first that there is a 
2-vertex x which is adjacent to a 3-vertex y. Then X tl Y = 0 and there must be a 
vertex v(e). But then y would be a 3-vertex that is neither adjacent to x’ nor to 
v(e), which contradicts (12). Thus we may assume that a neighbor of a 2-vertex is 
always a 4-vertex. Let x E V2 and let y be a neighbor of x. If (y, x’) E E(H), then 
one easily finds that H = H,, in contradiction to our assumption H # H, 
(i =,l, . 9). Hence (y, x’) $ E(H). But then one easily concludes that a 
matching-h(y) cannot exist. Thus the case IV(G)( = 6 ’ IS settled. 
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Now let IV(H)1 s 5. Recall that H contains no 5-cycle (because H # Hi, i = 
1 . . , 9) and that VI = 0. From this one easily finds that H must be one of the 
f&owing seven graphs C3, C4, K;, K4, K2,3, K& T where K; is the complete 
graph K4 minus an edge, Kg3 is the complete bipartite graph K2,3 plus an extra 
edge between the two vertices of degree 3 and T is the graph that consists of two 
triangles that have exactly one vertex in common. But all of these possess a 
proper standard coloring. 0 
As an immediate consequence we obtain the following theorem. 
Theorem 4. Let G be the complement of a line graph and suppose that G has no 
isolated vertices. Let n = jV(G)l. Then z,(G) c n/2 iff G # L(Hi) (i = 1, . . . , 5), 
where HI,. . . , HS are the graphs shown in Fig. 1. 
Proof. Let Gi = L(Hi) (i = 1, . . . , 9). One can check that G6, . . . , Gs are exactly 
those Gi for which Z,(Gi) s 4 IV(G,)l. Thus the assertion follows from Theorem 
3. 0 
Using the terminology introduced in the proof of Theorem 3, we explicitly state 
the following result which directly follows from the proof of Theorem 3. 
Theorem 5. A graph H without isolated vertices has a proper standard coloring iff 
H#Hi(i=l,...,lO). 
Note added in proof. Bill Sands constructed a comparability graph on 17 vertices 
whose complement G has r,(G) = 9. Hence the answer to problems (i) and (ii) 
mentioned in the introduction is negative. 
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